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Abstract. We give a practical method for the construction of finite-dimensional representations
of U, (G), where G is a non-twisted affine Kac-Moody algebra with no derivation and zero central
charge. It is well known that the finite-dimensional representations of a quantum group U, (%)
at generic ¢ are simply deformations of the corresponding irreps of the classical Lie algebra
G. This is, bowever, no longer true when one goes over to an affine Kac-Moody algebra G
and its g-deformation U, (g) In most cases it is necessary to take the direct sum of several

_ frreducible Uy (G) —modules to form an irreducible U, (g)-modu[e which then becomes reducible
at ¢ = 1. We illustrate our technique by waorking out explicit examples for =& and
g Gz These finite-dimensional modules may, for example, determine the multiplet structure
of quantum sofitons in affine Toda theory.

1. Introduction

One reason for the importance of quantum algebras U, (G) in mathematical physics is their
relation to the Yang-Baxter equation: each intertwiner (R-matrix) for the tensor product
of two finite-dimensional representations of a quantum algebra provides a solution to the
guantum Yang-Baxter equation [1-5].

There are at least two areas where it is important to know solutions of the spectral-
parameter-dependent Yang-Baxter equation, One is integrable lattice models, where
the existence of commuting transfer matrices follows if the Boltzmann we1ghts satisfy
the spectral-parameter-dependent Yang—Baxter equation. The other is massive integrable
quantum field theories where the spectral-parameter-dependent Yang-Baxter equation is the
consistency condition of the two-particle factorization of the scattering matrix. The spectral
parameter in this case is the rapidity of the particles.

The R-matrices R, for U, 2(G), where G is a finite-dimensional simple Lie algebra,
provide sclutions to the Yang—Baxter equation without a spectral parameter. Here a, & are
the labels of the representation spaces V,, V,, i.e. ﬁab is the intertwiner: V, @V, = V,@V,.
The interesting question is: when can a spectral parameter be introduced into Ry so as to
obtain a solution of the spectral-parameter-dependent Yang—Baxter equation, The answer
is: whenever V,, V, also carry representations of the quantum affine algebra U, (é) Here §
is the affine algebra G ® C(x, x™!). The parameter x then consistently prov1des the speciral
parameter [1-5]. B
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This paper is devoted to studying in which cases this affinization is possible, i.e. which
finite-dimensional representation spaces of U;(G) also carry representations of U, (é).

For G = A, all representations are affinizable [3] (see also the appendix in [6]). For
other algebras this is not the case. Frenkel and Reshetikhin [7] state that ‘one generally has
to enlarge (an irrep) V, by adding certain “smaller’ irreducible representations in order to
extend the resulting representation to U, (&). An explicit description of this extension is an
important open problem’. Such a description is still lacking. In this paper we will develop
a method to give such a description in particular cases.

We begin in section 2 by defining U, (G) and Uq(C;). Then in section 3 we give some
concrete examples where two irreps of U, (G) have to be added together to obtain an irrep
of Uq(_C';). The first example we choose is the 10-dimensional representation of U,(C3)
which has to be enlarged by the singlet representation to give an 11-dimensional irrep of
U, (€2). The second one is the 14-dimensional representation of U,{G2) which again has
to be enlarged by the trivial representation to give a 15-dimensional irrep of Uq(éz). In
section 4 we present our general procedure for obtaining irreps of U, (§). Our method is
based on the reduction of tensor products of smaller representations. It is therefore very
much in the spirit of the fusion procedure used to construct rational [8] and trigonometric
[3] R-matrices. The technical device which we will use is the tensoraproduct graph [9]. In
section 5 we illustrate our general method again in the cases of U, {C,) and U, (Gy).

Our physical motivation for this study of finite-dimensional representations of quantum
affine algebras comes from the desire to gain a better understanding of the solitons in affine
Toda guantum field theory. These solitons transform in such representations and we will
come back to that point in the discussions in section 6.

Finite-dimensional representations of quantom affine algebras have recently been studied
by Chari and Pressley [10-14].

2. Definition of quantum algebras

A simple Lie algebra G is defined through its simple roots ¢;, i = 1...r by the following
relations between its Chevalley generators h;, e, fi,i=1...r

(B, ;] = (o, i )e (i, fi] = —(eu, )
lei, fi] =ik @D
(ade;)' ~ie; =0 (ad f;)'% f; =0 (i # J)
where a;; = 2oy, o)/ (0, ;). The universal enveloping algebra U(G) is the algebra
generated freely by the Chevalley generators modulo the relations (2.1). The gquantum
algebra U, (G) is a deformation of this [1,2] where equation (2.1) is modified to
[A:, e;] = (o, o) e; (B, f7] = —{et, a;) f
lei, fi1 = &i;(A;]4 2.2)
{ad, &) " %g; =0 (ad, £Y"% F;=0 (G #J)
We have introduced the notation

U __ =i
(], = %:_;’_—1 : 2.3)
and ad, is a g-commutator

(adq e,-)ej = [e;, e_,-]q = gje; — q(a' '“f)eje,-. 2.4)
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The most important feature of this deformation is that it is still a Hopf algebra. The deformed
comultiplication is
AR )= Q1+ 1@k
Me)=e®q"+97" 2 @e (2.5)
M) =fi®g" " +q7 " @ fi.

The finite-dimensjonal representations of U,(G) have been stdied by Rosso [15] and
Lusztig [16]). They found that, for g not a root of unity, the representation theory of U,(G)
is exactly analogous to that of G. Each finite-dimensional irreducible G-module also carries
an irrep of U, (G) and the irreps of U, (G) are simply deformations of those of G.

Non-twisted affine Lie algebras G, as defined by Kac [17], can be realized as G =
G ®Clx,x ) ® Cc @ Cd, where T(x, x7!) is the algebra of Laurent polynomials in x,
¢ is a central charge and d is a derivation. In this paper we are only interested in the
algebra ¢ = G @ C(x, x™') ® Cc obtained from G by dropping the derivation. The algsbra
with derivation does not have finite-dimensional representations. Following a widespread
custom in the literature we will also call the algebra G an affine algebra. From a finite-
dimensional representation & of & one can easily obtain a Ioop representation of the algebra
with derivation G.

To generate the affine algebra G it is sufficient to add one more pair of raising and
lowering operators and one more Cartan subalgebra generator to the Chevalley basis, namely

e =fy®x fo=ep®@x7" ho = (¢ —hy) ® 1 {2.6)
where t is the highest root of G and ey, fi are the corresponding raising and lowering
operaters [17]. The new Chevalley generators again satisfy the relations (2.1), this time
with £, j = 0...r and ofp = —. The central charge ¢ will play no role in this paper
because it is represented as zero on all finite-dimensional modues.

The quantum affine algebra U, ((_}) is defined ana]ogously by the relations (2.2). There
is one important difference between U (Q) and Uq(g), i.e. between the classical and the

quantum case. Classically ey and f; are elements of U(G) ® C(x, x~!), see equation (2.6),
and thus

U6 = UG ® Clx, x~ ) @ Ce. 2.7)

In the quantum case however, generically eg and Jo are not elements of U, (&) ® C(x, x~h,
as will be seen in the next section. Thus

Uy # Uy (§) ® Cx, x ) @ Ce. (2.8)

The only known exceptions to this are G = A, [3] (see also the appendix in [6] for details).

Because of equation (2.7}, any U{(G)-module is also a U{G)}-module on which x and ¢

are represented trivially. This is no longer true in the quantum case. Some representations

spaces of U,(G) may not carry a representation of ¢p and fo. Obviously those and only

those representations spaces which carry a representation of ey and f; carry a representation
of U,(%). It is the aim of this paper to construct such representations.

3. Examples of representations

As mentioned, it is known that ¢, is not an element of U, (G) ® C(x,x~) in general. Here
we will illustrate this fact by giving some simple and explicit examples of representation
spaces of U,(G) which do not carry a representation of ¢y and fp. As we will see, one
usually has to take a direct sum of two or more irreps of U,(G) to form an irrep of Uq(é).
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The first simple example is the 10-dimensional irrep of U,(C,). C; has two simple
roots oy and o which satisfy 2(xq, a1) = (@2, @2) = —2(o1, &7) = —2{ez, &1} = 2. The
10-dimensional rep esentation is the adjoint representation and its weights are the roots
2007 + o, 087 + €, 0, 02,0,0, —0z, —ary, —00) — ¢ta, ~20¢; — a3}, The matrix forms of
hy, ha, e and e in this representation are

By = ey —ess + e — e+ ess — a0

Ny = exx -+ 2e33 — €44+ €77 — 2egg — eng

e1 = fi=ep+ e+ a5+ s +ego + 29 10

ey = fi = ey + ess + sy + e + ([21; — 1)V%(e36 + eqr)

where t stands for transpose and ¢;; is the matrix with 1 in entry , j and 0 elsewhere.

One would now like to find two other matrices ¢ and fp which satisfy the defining
relations (2.2). One can make a general ansatz and then at first impose all relations except
[eo, fol = [Rol, and the g-Serre relation involving ey and fp. At this point one finds that
ep and fj are already completely determined up to an overall constant. Unfortunately they
do nof satisfy [eo, fo] = [hol,; and the g-Serre relations, and this shows that this irrep of
U, (C2) cannot be extended to a representation of Uq(éz).

Next we consider a direct sum of the 10-dimensional irrep with the trivial one-
dimensional representation. For this 11-dimensional reducible representation of U,(C3),
the matrix form for k1, A2, €1 and e; loocks the same as above. Now it is possible to find
matrices ¢p and fp satisfying all of the relations (2.2):

€0 = f3 = es1 + e+ eos + €105 — (121 — 1"V (eqs + €106
2], -2

112
+[232 ([2]‘}—_1) (ero,11 + 1) (3.2)

3.1)

This representation of Uq(éz) is seen to be irreducible. It becomes reducible at ¢ = 1, as
can be seen from the coefficient of the last term.

The second example we want to give is the 14-dimensional irrep of Uy (G7). The simple
roots of G2 are oy and oy which satisfy (o, o) = 30, 02) = —2(;, a2) = —2(oez, 1) =
6. The 14-dimensional representation is the adjoint representation with weights equal fo
the roots {2cy + 3o, o1 + 3, oy + 2, oy + o3, 01, 02, 0, 0, —as, —oy, —ty — 0f3, —ty —
207, —oty — 30z, —2¢0; — 30z} The matrix forms of k), k2, e; and e; for the 14-dimensional
irrep of U,(G») are

k1 = 3e1 — 3em + 3e44 + 6255 — 3egs - 3299 — Be10,10 — 3e11.11 + 313,13 — 314,14
hy = 3egy + €33 — €44 — 3as5 + Legs — 2egy -+ 3e10,10 + 11,11 — £12,12 — 3€13,13

3
e; = ff = [31/*(erz + eas + €911 + €13,14) + [—[ﬁ{%(f»’ss + es.10)
4q

3.3)
16l _ Bl \"
+ 03], (ﬁ - ﬁ) (es7 + e7.10)
e2 = f3 = [3],%(e2s + eas + ero,11 + erz13) + (B1y + 1)V (e3s + e11.12)

+ [21;ess + es9)-

Again it can be shown that this imep of U, (G2) cannot be extended to a representation of

Uq(éz). Next we consider the direct sum of this irrep with the trivial representation of
U,{Gz). Obviously the matrix form of hy, /2, e; and e, for this 15-dimensional reducible
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representation are the same as (3.3). It turns out that this reducible representation can be
extended to an irrep of U,(G3). The explicit expressions for ¢y and fp are:

[6l, [3]

(61212, — [312161, — 312121, \
[6]q[2]q - [312

-1/2
) (en1 + e1a.7) + [31/*(er02 + €113 + €124 + €13.5)

(e14.15 + e1s.1) 3.4

which defines a 15-dimensional irrep of Uq(éz). This irrep becomes reducible only when
g=1.

4. General construction

Because ep does not exist as an element in U,(G) ® C(x, x™), we will have to construct
7 (eg) for each representation 7 separately. Clearly we cannot proceed as in the previous
section but need a general construction.

Let V) be an irreducible finite-dimensional G-module and m, : U,(§) — End(Vy) the
representation of U, (G) which it carries. Assume that on this module it is possible to define

m (eg) and m.(f5) and thus make it into an irreducible representation of Uq(ﬁ)T. We start

with this irrep and want to construct, using it, further irreps of Uq(ﬁ). To this end we look
at the tensor product V; @ Vi which carries the U, (G)-representation

T(g) = (m, ® m)A(g) g € Uy Q). 4.1

This is a reducible representation of Uy{(G) and it is known that the decompos-ition into
irreps is the same as in the classical case {15, 16]:

VeV, = @ V. 4.2)
! :

~ We want to see on which of these irreducible modules V), or on which direct sums of them
we can define irreps of U, (6). 1t can be checked that the following defines a representation
of U,(G) on Vi ® Vi

g =TI(g) g€ UG) (4.3)
M (ep) = (@ MM(eo @ g2+ ag ™2 @ op) (44)
T4(fo) = (m @ mI(fo ® g™ L a~lg™2 @ fo) (4.5)
[T%Che) = (m @ 7 ) (o ® 1 + 1 ® o) ‘ 4.6)

for any choice of the parameter a € C. We will see that for generic value of @ the
representation I1¢ is irreducible but that it becomes reducible for special values and at these
values we can define irreducible representations on submodules of V), ® V.

To visualize the reducibility of the representation IT# we describe it by a directed graph.
A similar graph, called the tensor product graph, was first introduced in [9] and we will
rely heavily on ideas from that paper].

t Examples are the ‘undeformed’ representations for U, () with G = As, Ba, Cy, Dn, Eg and Ey, which are
affinizable, that is ey and fy exist for those representations, and the minimal representations for Ug(Gy) and
U, (Fy), which are deformed representations but nevertheless are affinizable.

1 The notion of a tensor product graph has also been introduced in [18].
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Definition 1. The reducibility graph G° associated with the representation IT? of Uq(é)
is a directed graph with vertices that are the irreducible G-modules V,, appearing in the
decomposition (4.2) of V3 ® V;. There is an edge directed from a vertex V, to a vertex V,
iff ) ' ' )

P,X1%(ep) P, 0 or P II“(fo}) P, #0 “4.n
where P, is the projector from Vi ® V3 onto V.

© o - o o

1 14 27 7

Figure 1. The reducibility graph G” forthe 7@ 7 of Uy(Gz) at a = g~2. The vertices are
labelled by the dimension of the comresponding irrep of Uy (Ga).

For an example of a reducibility graph, see figure 1. According to the definition, an
arrow from V, to V), indicates that I1%(ep) or IT%(fy) can bring us from the module V), to
the module V. This implies that a Uq(é)-submodule of ¥, @ Vi which contains V¥, also
has to contain V.. In other words, the U, (&)-submodules are described by those subgraphs
from which no arrows point outside that subgraph. We formulate this in the next definition
and theorem. s

Definition 2. A subgraph G’ of a graph G is called

(i) two-way connected if for any pair V,,, V, of vertices in G’ there exist directed paths
from V, to V, and from V, to Vy;

(ii) simply two-way connected if it is two-way connected and becomes non-two-way
connected if any edge is removed; and

(iii) closed if there is no edge pointing frem any vertex in G’ to a vertex outside G'.
Theorem I. Every closed subgraph G’ of a reducibility graph G* defines a representation

(V', 7"} of U,(G). The representation space V' is the direct sum of the irreducible G-
modules corresponding to the vertices in G/

V= P V. (4.8)
V€6
Let P/ be the projector from V), @ V) onto V'; P/ = Zwteg P,. The representation map
m' U, (G) — End(V") is given by
7@ =PIQP  geUyd. 4.9)
If the subgraph G’ is two-way connected then the representation ' is irreducible.

Progf. 'We only need to show that equation (4.9) defines a representation using the fact
that TI* does. This becomes trivial with the following observation: because G’ is closed,
we know that T1¢(eg)v’ € V' for all v € V and similarly for fo. Also IT%(gy’ € V' for all
& € U,(G) becanse V' is a sum of U, (G)-modules. Together this gives that I17(g)v’ € V'
for all g qu(Q). Combining this with P'v’ = v we have that P'TI*(g)P' = TI*(g)P’
and therefore the projectors P’ can be pulled outside in checking that the relations (2.2} are
satisfied. The irreducibility of 7' follows immediately from the two-way connectedness of
G'. O
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Applying this theorem to the example in figure 1 we see that there is a 15-dimensional
irreducible representation of U, (G2). This reproduces the representation which we found
in section 3.

The usefulness of theorem 1 lies in the fact that the reducibility graph encodes the
reducibility of the tensor product and can, in most cases, easily be constructed using
only elementary Lie-algebra representation theory. The facts needed for this purpose are
contained in the following lemmas.

Lemma 2. The reducibility graph G* is two-way connected for generic values of 4. It can
be non-two-way connected only if

o = glCm—-Cwn2 (4.10)

where C(A) = (A, L+ 2p) is the value of the quadratic Casimir on Vi.

Proof. Here we can follow [9], which defined a similar graph. Por clarity we first consider
the classical case ¢ = 1. To make the notation simpler we will from now on drop the iy
and write simply ¢; instead of m; (e;) etc. Vi was irreducible by definition. This means that
by repeatedly acting with the tensor operators T = {g®@ llg e Gland T = {1 ® g|g € G}
we can obtain any vector in V3, ® V, from any other. In particular these tensor operators
connect together all irreducible G-modules V, contained in V, ® V,. Now e @1 and 1 Q@ eg
are just the lowest components of these tensor operators (because at ¢ = 1, &y = f) and
therefore also connect together all modules V. Furthermore ey @ 1 by itself or a linear
combination of ep ® 1 with 1 ® ep will suffice because of the proportionality

Pu(eo@ DP, =—Pu(1 @ ep) Py (at g = 1) {4.11)

which follows from the fact that P, commutes with ¢; ® 1 + 1 ® ¢p. This shows forg =1
that [T%(eg) = eg ® 1 + al ® ¢y connects all irreps in V; ® Vi unless e = 1. Ata = 1,
P,I1%(e0) P, is always zero according to equation (4.11). Exactly the same can be said
about fy. Thus at g = 1 G* is two-way connected except at ¢ = 1 where it is completely
disconnected. This complete disconnectedness at ¢ = 1 implies, according to lemma 1,
that every irreducible G-module appearing in the tensor product carries a representation of
u (g“), which we had observed already in gection 2.

The fact that the reducibility graph is two-way connected for generic values of ¢ in
the classical case ¢ = 1 impiies that this is also true in the quantum case ¢ #£ 1. This
is so because an edge which is present at g = 1 cannot be absent for ¢ s 1. Otherwise
P, T1%(ep) P, would not have a smooth limit as g — 1. This proves the first statement of
the theorem,

To determine the non-generic values of ¢ at which the reducibility graph may be non-
two-way connected we use the quantum analogue of equation (4.11):

qc(#)/zeuPu(eﬂ S qho”z) P, = QC(UMZEUP.U(Q_&"/Z @ g} Py
qC('u)szuPp(q—h"ﬂ ® fO)P:u = qC(U)szDPu.(fO ® qht:IZ)Pu

where €, is the parity of the representation Vj, in V) ® V). To derive equation (4.12}
consider the R-matrix on Vi ® Vi. According to Jimbo it is determined by the equations

i2]

[R(x), I(A(@)) =0  Va € UyG) 7
R(x)(xeo ® gM% + g7"/2 @ ep) = (g @ g™/* + g7 ® xeg) R(x) (4.13)
RO fo @ g™+ 972 @ fo) = (fy ® ¢"2 + g2 @ x™ i) R(x).

(4.12)



1922 G W Delius and Yao-Zhong Zhang

In the limit x — O one obtains the spectral-parameter-independent R-matrix and
equation (4.13) reduces to

(R, TI(A@)] =0  VYaeUyG) (4.14)
R(g™% @ e0) = (0 ® g™ R (4.15)
R(fo® g"/*) = (g7 @ f)R (4.16)
where R is given by the formula .
R=gt® % g Clitgp,. 4.17)
°

This was proved in the case where Vi ® V, is multiplicity free by Reshetikhin [19]f and in
the general case by Gould [20]. By inserting equation (4.17) into equations (4.15) and (4.16}
and multiplying by P, from the left and by P, from the right we obtain equations (4.12).

Comparisen of equation (4.12) with equations (4.4) and {4.5) immediately provides the
second statement of the theorem, provided ¢ €, = —I. To see this latter fact we observe
that the permutation matrix o (defined by o (v@v") = (v'@)) satisfies P,o = o P, = 9
and thus

Puleo ® 1Py = Po(1® ep)o Py = €6, P (1 @ €9) Po. (4.18)
Comparison of this with equation (4.11) gives epe, = —i. 0O
Lemma 3.

P e) P, #F0=2V, C Vg @ Vo 419

PuITY(fo) Py #0 =V, C Vg @ Vi (4.20)

Proof. The proof uses the concept of tensor operators. These are well explained in
appendix B of [9]. There it is also shown that X = g~%/2¢; @ 1 is the lowest component
of an adjoint tensor operator}. This implies that the vector Xw, for v, € V, must ke
in a representation V,, which is contained in Vg ® V.. The same therefore is true for
(e0 ® ¢/ D, = A(g™?)Xv,. Similarly also X = I ® ¢™/2e; is the lowest component of
an adjoint tensor operator and thus also (g2 ® y)v, must lie in a representation which is
contained in Vy4; ® V;,. This is therefore also true for 1% (ep)v, and equation (4.19) follows.
Using similarly that ¢%/2 fo ® g™ and g~ @ g™/ £, are the highest components of adjoint
tensor operators, one shows equation (4.20). O

This lemma prompts us to define another directed graph associated with the tensor product
Vi® W.

Definition 3. The tensor product graph T' associated with a tensor product V, ® Wy
is a directed graph with vertices that are the irreducible G-modules appearing in the
decomposition (4.2) of V) @ Vi. There is an edge directed from vertex V, to a vertex
V. iff '

Vi C Vagy @ V3. (4.21)
Combining lemmas 3 and 2 we arrive at:

Lemma 4. If the tensor product graph I" is simply two-way connected then it is equal to the
reducibility graph G¢ for generic value of a.

t Qur R is the inverse of the R-matrix in this reference.
1 When comparing with [9] one should replace ¢ by g~! because [9] uses the opposite coprodnct,
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Progf. According to lemma 3 the tensor product graph contains every edge that is contained
in the reducibility graph. If the tensor product graph is simply two-way connected then the
reducibility graph has to contain ail its edges, otherwise it could no longer be two-way
connected and would violate lemma 2, - (]

Lemma 4 is very useful in constructing reducibility graphs because it is easy to construct
tensor product graphs. Many worked-out examples of undirected tensor product graphs can
be found in [9]. To obtain the directed tensor product graph as defined in definition 3
from the undirected graphs in [9] one has to replace every undirected edge by two directed
edges in opposite directions. Many known examples are simply two-way connected and so
lemma 4 applies. But even when the tensor product graph is multiply connected we still
have the following theorem:

Theorem 5. Let V), be an irreducible G-module which carries a representation m, of U, (é).
Let I" be the tensor product graph associated with V3 ® Vi. Let G’ be any simply two-way
connected subgraph of I which can be made closed by deleting just one directed edge from
I'. Let V, be the origin and V,, be the destination of this edge. Let a = g(c0I—C®/2,

Then G’ is a closed two-way connected subgraph of the reducibility graph G* and
carries an irreducible representation of U, (g) as in theorem 1.

Proof. The proof that G’ is a subgraph of the generic reducibility graph is similar to the
proof of lemma 4. The reason why it is a subgraph of G* for the particular ¢ is that
according to lemma 2 at this a the reducibility graph loses the edge directed from ¥, to V,,.
' defines an irreducible representation because theorem 1 applies. - O

Theorem 5 is very easy to apply in practice and we will demonstrate its use in the next
section.

5. Specialization to Uq(éz) and Uq(éz)

5.1. Ug(C2)

The fundamental four-dimensional irrep of U7, (C>) is undeformed and can be extended to an
irrep of U/, (éz). We will use theorem 5 to construct further irreps of U, (C‘z) from the tensor
product} 4 @ 4 = 106p5&p 1. The associated tensor product graph is shown in figure 2.
Because it is simply two-way connected it also gives the generic reducibility graph. The
numbers associated with the edges in figure 2 are the values of ¢ from theorem 5, i.e. the
values at which the edge disappears from the reducibility graph. They are determined, using
equation (4.10), from C(1) =0, C(3) =4, C(10) =

We read off from the graph that x? defines a five-dimensional irrep of Uq(éz) at
a = g™, a one-dimensional irrep at @ = ¢™>, a (10 + 5) = 15-dimensional irrep at @ = ¢°
and a 10+ I = 11-dimensional irrep at & = ¢!, besides of course the 10+ 5+ 1 = 16-
dimensional irrep at generic @. We note, in particular, that because the 10-dimensional
irrep of U,(C,) appears in the middle of the tensor product graph, thére is no possibility
of having the 10-dimensional-irtep in a closed component by itself and thus no irrep of
U (C‘z) can be defined on it by itself. The 10 has to be enlarged by adding either the 1,
the 5, or both, before it carries a representatlon of U, (Cg) This reproduces our observation
from section 3.

1 We denote the U, (Cy} irreps by their dimension.
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© o oo

5 gl 10 1 1

Figure 2. The tensor product graph for the 4 @4 of U{C3).

We can also derive the representation matrices (3.1), (3.2) from the general expression
(4.9). For this we only need to determine the g-Clebsch—Gordan coefficients of I/, (Cy) for
the decomposition of the 4 @ 4. These can easily be calculated by elementary methods. We
did this using MATHEMATICA.

Contrary to the 10-dimensional irrep of U, (Cs), the five-dimensional irrep can carry
an irrep of Uq(éz) by itself. We can repeat the above analysis for the tensor product
55 = 1410 1. The associated tensor product graph is shown in figure 3. The
truncation values shown above the edges are determined from the Casimir values given
earlier and C(14) = 10.

© o o

-2
14 1 10 q 1

Figure 3. The tensor product graph for the 5® 5 of Uy (Ca).

We see from the graph that the 14-dimensional irep of U,(Cs) can carry an irrep of
U,,(ff‘g), but that again the 10-dimensional imrep of U,(C5) needs to be extended, either by
the 1 or by the 14, again reaffirming our observation from section 3. We may continue the
above procedure using the 14-dimensional irrep and get higher irreps of U, &),

5.2. U (G2)

The second example from section 3, the 14 4+ 1 = 15-dimensional irrep of Uq(é‘z), can be
derived from the tensor product 7@ 7 =27 R 14 P 7 1, the associated tensor graph of
which is shown in figure 4.

Again the tensor product graph is simply two-way connected and is therefore equal to the

g~ g7t g

¢ o o o

8

12 2 -8
1 9 14 9 27 q 7

Figure 4. The tensor product graph for the 7 ® 7 of Ug(G2),
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generic reducibility graph. The value of a at which an edge vanishes from the reducibility
graph are given in the figure, They were determined from C(1) = 0, C(14) =
C(2N = 28, C(7) = 12. Ata = ¢~2 it truncates to the reducibility graph of figure 1,
which describes the 14 +1 = 15-dimensional representation of in (3.3), (3.4). Various other
irreducible U, (Gg)-modules can be read directly from the other possible truncations of the
graph.

6. Discussion

In this paper we have described a practical procedure for constructing finite-dimensional
representations of quantum affine algebras U, (). This construction relies on the reduction
of tensor product representations. We have mtroduced the concept of a reducibility graph
which encodes the information about which irreducible U, (G)-modules have to be taken
together in order to obtain an irreducible U, (G) -module. In practice we exploit the relation
of the reducibility graph to another graph, the tensor product graph, which can be constructed
by elementary means of classical representation theory.

Recently finite-dimensional representations of quantum affine algebras have been studied
by Chari and Pressley [10-14]. They use a different approach based on Drinfeld’s second
realization [21] in which the finite-dimensional representations are viewed as highest-weight
representations. This approach has the advantage that it leads to a classification of all
finite-dimensional representations. However, little detailed information about the individual
representations can be obtained easily. In particular, the information on the relation of
the U, (g) representations to the known representations of U, (&) remains hidden in that
approach

The construction in the above sections can be extended to the case of the tensor product
Vi ® Vo with A 55 A/,

As menticned in the mtroductmn given any two finite-dimensional representauons
of U, (g) one can write down a spectral-parameter-dependent R-matrix. One method
of doing this, applied in [6], is to insert the matrix forms of the generators in the
particular representations into the formula for the universal R-matrix. The advantage of this
method is that it is totally irrelevant whether the representation is reducible or irreducible,
whether the tensor product decomposition is multiplicity-free or with finite multiplicity (the
tensor product decomposition of reducible representation with itself is always with finite
multiplicity) and whether the representations being tensored are the same or different. The
disadvantage is, however, that this method requires the explicit form of the universal R-
matrix, given in [22], and of ey (/7).

Because of this relation between the existence of a representation of U, (g ) on particulax
U, (G)-modules and the existence of the spectral-parameter-dependent R-matrices for those
modules our work is related to many works on the construction of R-matrices. In many
of these works it has been noticed that often R-matrices can only be constructed on sums
of several irreducible U, (G)-modules becanses only those sums of U, (G)- -modules carry
representaticns of U, (g).

The problem of constructing finite-dimensional representations also exists for the
Yangians ¥ (&), which give the rational solutions to the Yang—Baxter equation. The first
paper on the problem [1] by Drinfeld has already addressed the problem. Drinfeld is able to
give a sufficient but not necessary conditicn for determining whether irreducible G-modules
can carry representations of ¥ (G). The relation to this paper lies in the fact that the rational
R-matrices of the Yangian ¥'{G) can be obtained from the trigonometric R-matrices of the
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quantum affine algebra U, ((j) in a limit and therefore all G-modules which we determine
to carry representations of Uy (é) should also carry representations of ¥ (G).

Our physical motivation for studying the finite-dimensional irreducible representations
of quantum affine algebras comes from the study of the solitons in affine Toda quantum
field theory. Let us explain briefly.

It is well known that associated with every affine Lie algebra G there is a {1+ 1)-
dimensional affine Toda field theory, denoted T(G). It is described by the field equations

Co = j—zmai exp (\/——_lﬁo:; -qb) (6.1)
Bz

where $ is the coupling constant and the o; are the simple roots, ap = — Y ., ;. For
é= Am equation (6.1) spccializes to the sine—Gordan (or affine Liouville) equation.

The affine Toda theory T(g) possesses symunetry generators e;, f;, by, i =0,1,...,r1,
which generate the quantum affine algebra U, (6" 123]. Here ' is the dual Lie algebra to G,
i.e. it is obtained by interchanging the roles of the roots and the coroots. The deformation
parameter ¢ is determined by the coupling constant as ¢ = exp(—iw/g%). The central
charge is zero.

The field equations (6.1) have soliton solutions, There exlsts a very elegant constructlon
of these solitons using the representation theory of the affine Lie algebra ¢ [24).
solitons are found to be arranged in multiplets given by the fundamental representations of
G’ (representations with a fundamental weight as highest weight)

In quantum theory the classical soliton solutions give rise to particle states and we
are interested in the properties of these quantum solitons. Related work for G = a{ has
been done by Hollowood [25]. The quantum solitons have to transform in ﬁmte-d;mensmnal
multiplets of the symmetry algebra U, (g’) This paper can be seen as providing some of the
necessary mathematical knowledge for extending the elegant group theoretic understanding
of the classical solitons to the quantum level. An immediate outcome is that there are often
more quantum solitons than expected. We saw a concrete example: the solitons transforming
in the second fundamental representation of U,(G3) (the 14-dimensional representation)
have to be completed by an additional soliton to make up the 15-dimensional multiplet of
Uq(éz) described by equations (3.3) and (3.4).

‘We would like to refer the reader who is interested in more details about the connection
between quantum affine algebras and the solitons of quantum affine Toda theories to
reference [26). There, in particular, the masses of the soliton multiplets are determined
from quantum affine algebras.
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